Abstract Let Aut mHH (H) denote the set of all automorphisms of a monoidal Hom-Hopf algebra H with bijective antipode in the sense of Caenepeel and Goyvaerts [2] . The main aim of this paper is to provide new examples of braided T -category in the sense of Turaev [14] . For this, first we construct a monoidal Hom-Hopf T -coalgebra MHD(H) and prove that the T -category Rep(MHD(H)) of representation of MHD(H) is isomorphic to MHYD(H) as braided T -categories, if H is finite-dimensional. Then we construct a new braided T -category ZMHYD(H) over Z, generalizing the main construction by Staic [11] .
INTRODUCTION
Braided T -categories introduced by Turaev [14] are of interest due to their applications in homotopy quantum field theories, which are generalizations of ordinary topological quantum field theories. As such, they are interesting to different research communities in mathematical physics (see [5, 6, 13, 15, 16] ). Although Yetter-Drinfeld modules over Hopf algebras provide examples of such braided T -categories, these are rather trivial. The wish to obtain more interesting homotopy quantum field theories provides a strong motivation to find new examples of braided T -categories.
The aim of this article is to construct new examples of braided T -categories isomorphic to the T -category MHYD(H) in [18] . For this purpose, we prove that, if (H, A, H) is a Yetter-Drinfeld Hom-datum (the second H is regarded as an H-Hom-bimodule coalgebra) in [18] , with H finite dimensional, then the category A MHYD H (H) of Yetter-Drinfeld Hom-modules is isomorphic to the category of left modules over the diagonal crossed
PRELIMINARIES
Throughout, let k be a fixed field. Everything is over k unless otherwise specified. We refer the readers to the books of Sweedler [12] for the relevant concepts on the general theory of Hopf algebras. Let (C, ∆) be a coalgebra. We use the "sigma" notation for ∆ as follows:
∆(c) = c 1 ⊗ c 2 , ∀c ∈ C.
Braided T -categories.
A monoidal category C = (C, I, ⊗, a, l, r) is a category C endowed with a functor ⊗ : C × C → C (the tensor product), an object I ∈ C (the tensor unit), and natural isomorphisms a (the associativity constraint), where a U,V,W : (U ⊗ V ) ⊗ W → U ⊗ (V ⊗ W ) for all U, V, W ∈ C, and l (the left unit constraint) where l U : I ⊗ U → U, r (the right unit constraint) where r U : U ⊗ C → U for all U ∈ C, such that for all U, V, W, X ∈ C, the associativity pentagon a U,V,W ⊗X • a U ⊗V,W,X = (U ⊗ a V,W,X ) • a U,V ⊗W,X • (a U,V,W ⊗ X) and (U ⊗ l V ) • (r U ⊗ V ) = a U,I,V are satisfied. A monoidal categoey C is strict when all the constraints are identities.
Let G be a group and let Aut(C) be the group of invertible strict tensor functors from C to itself. A category C over G is called a crossed category if it satisfies the following:
C is a monoidal category;
C is disjoint union of a family of subcategories {C α } α∈G , and for any U ∈ C α , V ∈ C β , U ⊗ V ∈ C αβ . The subcategory C α is called the αth component of C; Consider a group homomorphism ϕ : G −→ Aut(C), β → ϕ β , and assume that ϕ β (ϕ α ) = ϕ βαβ −1 , for all α, β ∈ G. The functors ϕ β are called conjugation isomorphisms.
Furthermore, C is called strict when it is strict as a monoidal category.
Left index notation:
Given α ∈ G and an object V ∈ C α , the functor ϕ α will be denoted by V (·), as in Turaev [14] or Zunino [19] , or even α (·). We use the notation V (·) for α −1 (·). Then we have V id U = id V U and V (g • f ) = V g • V f . Since the conjugation ϕ : G −→ Aut(C) is a group homomorphism, for all V, W ∈ C, we have V ⊗W (·) = V ( W (·)) and
Since, for all V ∈ C, the functor V (·) is strict, we have V (f ⊗ g) = V f ⊗ V g, for any morphisms f and g in C, and V I = I.
A braiding of a crossed category C is a family of isomorphisms (c = c U,V ) U,V ∈ C, where c U,V : U ⊗ V → U V ⊗ U satisfying the following conditions:
(2) For all U, V, W ∈ C, we have
where a is the natural isomorphisms in the tensor category C.
(3) For all U, V ∈ C and β ∈ G,
A crossed category endowed with a braiding is called a braided T -category.
Monoidal Hom-Hopf algebras.
Let M k = (M k , ⊗, k, a, l, r) denote the usual monoidal category of k-vector spaces and linear maps between them. Recall from [2] that there is the monoidal Hom-category ) , a, l, r), a new monoidal category, associated with M k as follows:
• The objects of the monoidal category H(M k ) are couples (M, ξ M ), where M ∈ M k and ξ M ∈ Aut k (M ), the set of all k-linear automomorphisms of M ;
• The tensor product is given by
• The tensor unit is given by (k, id);
• The associativity constraint a is given by the formula
• The left and right unit constraint l and r are given by
We now recall from [2] the following notions used later.
be a monoidal Hom-category. A monoidal Hom-algebra is an object (A, ξ A ) in H(M k ) together with an element 1 A ∈ A and linear maps
for all a, b, c ∈ A. Definition 1.2.2. A monoidal Hom-coalgebra is an object (C, ξ C ) in the category H(M k ) together with linear maps ∆ : 4) for all c ∈ C.
Remark 1.2.3.
(1) Note that (1.4) is equivalent to c 1 ⊗c 21 ⊗ξ C (c 22 ) = ξ C (c 11 )⊗c 12 ⊗c 2 . Analogue to monoidal Hom-algebras, monoidal Hom-coalgebras will be short for counital monoidal Hom-coassociative coalgebras without any confusion.
(2) Let (C, ξ C ) and (C ′ , ξ ′ C ) be two monoidal Hom-coalgebras. A monoidal Homcoalgebra map f :
is a bialgebra with S in H(M k ). This means that (H, α, m, 1 H ) is a monoidal Hom-algebra and (H, α, ∆, ε) is a monoidal Hom-coalgebra such that ∆ and ε are morphisms of algebras, that is, for all h, g ∈ H,
S is the convolution inverse of the identity morphism id H (i.e., S * id
Note that a monoidal Hom-Hopf algebra is by definition a Hopf algebra in H(M k ).
(2) Furthermore, the antipode of monoidal Hom-Hopf algebras has almost all the properties of antipode of Hopf algebras such as
That is, S is a monoidal Hom-anti-(co)algebra homomorphism. Since ξ H is bijective and commutes with S, we can also have that the inverse ξ −1 H commutes with S, that is,
In the following, we recall the notions of actions on monoidal Hom-algebras and coactions on monoidal Hom-coalgebras.
for all a, b ∈ A and m ∈ M.
Monoidal Hom-algebra (A, ξ A ) can be considered as a Hom-module on itself by the Hom-multiplication. Let 6) for all m ∈ M.
(C, ξ C ) is a Hom-comodule on itself via the Hom-comultiplication. Let (M, ξ M ) and (1) . The category of right (C, ξ C )-Hom-comodules is denoted by H(M C ) . Definition 1.2.6. Let (H, m, ∆, S, ξ H ) be a monoidal Hom-bialgebra and α, β ∈ Aut mHH (H). Recall from [18] that a left-right (α, β)-Yetter-Drinfeld Hom-module over (H, ξ H ) is the object (M, ·, ρ, ξ M ) which is both in H( H M) and H(M H ) obeying the compatibility condition:
The category of all left-right (α, β)-Yetter-Drinfeld Hom-modules is denoted by H MHYD H (α, β) with understanding morphism. (2) If (H, ξ H ) is a monoidal Hom-Hopf algebra with a bijective antipode S and S commute with α, β, then the above equality is equivalent to
H (αγ, δγ −1 βγ) with structures as follows:
for all m ∈ M, n ∈ N and h ∈ H. Definition 1.2.8. Let (H, ξ H ) be a monoidal Hom-algebra. A monoidal Hom-algebra (A, ξ A ) is called an (H, ξ H )-Hom-bicomodule algebra in [18] , with Hom-comodule maps ρ l and ρ r obeying the following axioms:
(2) ρ l and ρ r satisfy the following compatibility condition: for all a ∈ A,
(1. 11) Definition 1.2.9. Let (H, ξ H ) be a monoidal Hom-Hopf algebra, (A, ξ A ) be an H-Hombicomodule algebra. We consider the Yetter-Drinfeld Hom-datum (H, A, H) as in [18] , (the second H is regarded as an H-Hom-bimodule coalgebra), and the Yetter-Drinfeld Hommodule category A MHYD H (H), whose objects are k-modules (M, ξ M ) with the following additional structure:
(1) M is a left A-module; 
for all a ∈ A and m ∈ M . Definition 1.2.10. Let (A, ξ A ) be a monoidal Hom-algebra, (M, ξ M ) be a monoidal Hom-algebra. Assume that (M, α M ) is both a left and a right A-module algebra (with actions denoted by [9] if the following condition is satisfied, for all a, a ′ ∈ A, m ∈ M :
(1. 14)
1.3. Monoidal Hom-Hopf T -coalgebras. 
is a monoidal Hom T -coalgebra where each (H p , ξ Hp ) is a monoidal Hom-algebra with multiplication m p and unit 1 p endowed with antipode S = {S p } p∈G , S p :
Note also that the (H e , ξ e , m e , 1 e , ∆ e,e , ε, S e ) is a monoidal Hom-Hopf algebra in the usual sense of the word. We call it the neutral component of H.
is called a monoidal Hom-Hopf crossed monoidal Hom-Hopf T -coalgebra if it is endowed with a family of algebra isomorphisms ϕ = {ϕ α β :
• each ϕ γ preserves the comultiplication and the counit i.e., for any α, β, γ ∈ G, we have
• ϕ is multiplicative, i.e., ϕ β • ϕ γ = ϕ βγ , for any β, γ ∈ G.
It is easy to get the following identities, ϕ 1 |H α = id α and ϕ −1 α = ϕ α −1 , for all α ∈ G. Moreover, ϕ preserves the antipode, i.e., ϕ β • S α = S βαβ −1 • ϕ β for all α, β ∈ G.
THE DIAGONAL CROSSED HOM-PRODUCT
In this section, we define the notion of the diagonal crossed Hom-product over a monoidal Hom-Hopf algebra that are based on Hom-associative left and right coactions. If H is finite dimensional, we prove the category A MHYD H (H) is isomorphic to the category of left H * ⊲⊳ A-modules, H * ⊲⊳A M, generalizing the results in [1] .
In what follows, let (H, ξ H ) be a monoidal Hom-Hopf algebra with the bijective antipode S and let Aut mHH (H) denote the set of all automorphisms of a monoidal Hopf algebra H. Definition 2.1. Let (H, ξ H ) be a finite dimensional monoidal Hom-Hopf algebra, (A, ξ A ) be a monoidal Hom-bicomodule algebra. Then the diagonal crossed Hom-product H * ⊲⊳ A is defined as follows:
Proposition 2.2. Let (A, ξ A ) be an (H, ξ H )-Hom-bicomodule algebra and (H * , ξ * −1 H ) be an (H, ξ H )-Hom-bimodule algebra. Then the tensor space H * ⊗ A is a Hom-algebra with the multiplication in the formula (2. 1) and the unit ε H ⊲⊳ 1 A .
Proof. It is obvious that (ε
Thus the multiplication is Hom-associative. This completes the proof. 
for all f, g ∈ H * and h, l ∈ H.
(2) Recall from Example 2.5 in [18] that α, β ∈ Aut mHH (H) and as k-vector spaces (H(α, β), ξ H ) = (H, ξ H ), and (H(α, β), ξ H ) ∈ H MHYD H (α, β), with with right H-Homcomodule structure via Hom-comultiplication and left H-Hom-module structure given by:
for all h, x ∈ H. The diagonal crossed product (A(α, β), ξ * −1
for all f, g ∈ H * and h, l ∈ H. 
The Drinfeld double D(H) is a Hom-Hopf algebra with coproduct ∆ D(H) given by
where elements in D(H) are written as (f ⊗ h), h ∈ H, f ∈ H * , a ∈ A.
Proof. In view of (2. 5) the comodule axioms and the Hom-coassociative (1. 11) are obvious. We are left to prove that ρ r D (H) and ρ l D (H) are Hom-algebra maps. To this end we use the following identities obviously holding for all f ∈ H * , h, l ∈ H ρ(h ⇀ (f ↼ l)) = (ξ * −1
With this we now compute 
for all f ∈ H * , h ∈ H.
In the rest of this section we establish that if (H, ξ H ) is a monoidal Hom-Hopf algebra and is finite dimensional then the category A MHYD H (H) is isomorphic to the category of left H * ⊲⊳ A-modules, H * ⊲⊳A M.
Lemma 2.5. Let (H, ξ H ) be a monoidal Hom-Hopf algebra and (H, A, H) a YetterDrinfeld Hom-datum. We have a functor F : A MHYD H (H) → H * ⊲⊳A M, given by F (M ) = M as k-module, with the H * ⊲⊳ A-module structure defined by
Proof. For all f, g ∈ H * , a, b ∈ A and m ∈ M , we compute:
H (H) becomes a morphism in H * ⊲⊳A M can be proved more easily, we leave the details to the reader. Lemma 2.6. Let (H, ξ H ) be a monoidal Hom-Hopf algebra and (H, A, H) a YetterDrinfeld Hom-datum and assume H is finite dimensional. We have a functor G : H * ⊲⊳A M → A MHYD H (H), given by G(M ) = M as k-module, with the structure maps defined by 9) for all u ∈ (A, ξ A ) and m ∈ (M, ξ M ). Here {e i } i=1,...,n is a basis of H and {e i } i=1,...,n is the corresponding dual basis of H * . G transforms a morphism to itself.
Proof. The most difficult part of the proof is to show that G(M ) satisfies the relations (1. 12) or (1. 13) . It is then straightforward to show that a map in H * ⊲⊳A M is also a map in A MHYD H (H), and that G is a functor. We compute:
for all u ∈ (A, ξ A ) and m ∈ (M, ξ M ), and this finishes the proof.
The next result generalizes ( [4] , Prop. 4.3), which is recovered by taking H = A. Theorem 2.7. Let (H, ξ H ) be a monoidal Hom-Hopf algebra and (H, A, H) a YetterDrinfeld datum, assuming H to be finite dimensional. Then the categories A MHYD H (H) and H * ⊲⊳A M are isomorphic.
Proof. We have to verify that the functors F and G defined in Lemmas 2.5 and 2.6 are inverse to each other. Let M ∈ A MHYD H (H). The structures on G(F (M )) are denoted by · ′ and ρ ′ M . For any u ∈ (A, ξ A ) and m ∈ (M, ξ M ) we have that
We now compute for m ∈ (M, ξ M ) that
Conversely, take M ∈ H * ⊲⊳A M. We want to show that F (G(M )) = M . If we denote the left H * ⊲⊳ A-action on F (G(M )) by →, then using Lemmas 2.5 and 2.6 we find, for all f ∈ (H * , ξ * −1
and this finishes our proof.
Proposition 2.8. Let (H, ξ H ) be finite dimensional and H(α, β) be an H-Hombicomdule algebra, with an H-Hom-comodule structures showed in Example 2.9 (in [18] ).
The proof is left to the reader.
Recall from Prop.2.12 in [18] ,
which means that
On k we have the trivial Hom-module and Hom-comodule structure, and with these k ∈ H YD H . We want to prove that b M and d M are H-Hom-module maps. We compute:
They also are H-Hom-comodule maps;
Finally, we compute: Assume now that (H, ξ H ) is finite dimensional. We will construct a monoidal HomHopf T -coalgebra over G, denoted by MHD(H), with the property that the T -category Rep(MHD(H)) of representation of MHD(H) is isomorphic to MHYD(H) as braided T -categories.
Theorem 3.4. MHD(H) = {MHD(H) (α,β) } (α,β)∈G is a monoidal Hom-Hopf Tcoalgebra with the following structures:
• For any (α, β) ∈ G, the (α, β)-component MHD(H) (α,β) will be the diagonal crossed Hom-product algebra H * ⊲⊳ H(α, β) in Eq. (2. 4),
• The comultiplication on MHD(H) is given by
• The counit ε is obtained by setting
• For any (α, β) ∈ G, the (α, β) th component of the antipode of MHD(H) is given by
• For (α, β), (γ, δ) ∈ G, the conjugation isomorphism is given by
• The automorphism ξ H 4 is given by ξ H 4 (1) = 1, ξ H 4 (g) = g, ξ H 4 (x) = cx, ξ H 4 (gx) = cgx, for all 0 = c ∈ k;
• The comultiplication ∆ is defined by ∆(1) = 1 ⊗ 1, ∆(g) = g ⊗ g,
∆(x) = c −1 (x ⊗ 1) + c −1 (g ⊗ x), ∆(gx) = c −1 (gx ⊗ g) + c −1 (1 ⊗ gx);
• The counit ε is defined by ε(1) = 1, ε(g) = 1, ε(x) = 0, ε(gx) = 0.
• The antipode S is given by S(1) = 1, S(g) = g, S(x) = −gx, S(gx) = −x. for all m ∈ M, n ∈ N and h ∈ H.
Let ZMHYD(H) be the disjoint union of all categories H MHYD H (S 2n , id) of leftright n-Yetter-Drinfeld Hom-modules with n ∈ Z, the set of integer numbers. Then by Theorem 3.7 in [18] and Proposition 4.11, the following corollary is a generalization of the main result in Staic [11] .
Corollary 4.12. ZMHYD(H) is a braided T -category over Z.
Example 4.13. Let A = a be a cyclic group of order n, and Aut(A) = {σ t : σ t (a) = a t , 0 < t < n, (t, n) = 1, t ∈ Z}. Then (k[A], ξ k[A] ) is a monoidal Hom-Hopf algebra with structure given by Then by Corollary 4.12, ZMHYD(k[A]) is a new braided T -category over Z.
